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The problem of joint motion of a solid body and viscous incompressible fluid
which partly fills a cavity in the body under conditions of total weightlessness
is considered.

This problem was analyzed in [1 —3] without taking into account surface tension
under conditions of normal gravity. Forced rotation of a viscous fluid with surface ten-
sion was considered in [4, 51.

1, Statement of the problem. Letasolidbody witha cavity
partly filled with a viscous incompressible fluid rotate around a fixed point (@ under
conditions of total weightlessness,

The slow motion of fluid in the cavity is defined by the Navier —Stokes equations
which in the system of coordinates O;Z,%; fixed to the body is of the form

axr—l—%l:—:m—;—Vp—}—vAu (1.1)

diva=0 in Q

where u is the vector of fluid particle relative velocity, & is the body angular accel-
eration vector, r is the radius vector of fluid paticles relative to point O, p is
the pressure in the fluid, p is the fluid density, v is the kinematic viscosity coeffic~
ient, and Q is the region occupied by the fluid in equilibrium,
The boundary condition along the wetted part of the cavity wall S is of the form
u=0 on S (1.2
In the curvilinear system of coordinates (E;, &;, 3), such that point (,, &, 0)
lieson I'y and coordinate &; is read along the outer normal n to Ty , with the

Lamé coefficient b3 = 1, the boundary condition at the free surface of the fluid is
of the form [4]

Uy gy = Ugg -+ Ugp =0, S ugdl’ =0 (1.3
T

a

where © is the surface tension coefficient, N is the deviation of the fluid free surface
in motion from that in equilibrium T’y , and B, is the differential operator of the

elliptic t
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a = — (l‘:].2 + k22 + O'-Iapolan)

where k; and %, are the principal curvatures of surface I'y of the fluid in equili-
brium, and Ap is the Laplace — Beltrami operator.

It is assumed, as in [4, 5], that the free surface I'y has no common points with
the cavity wetted surface S , and that the fluid state of equilibrium is stable, i.e.
that operator B, is positive definite,

Under conditions of total weightlessness (g = () the equation of motion of the
body with fluid is of the form [2, 3]

J-e—{—p§ [rx%‘:—]d0=0 (1.4

where J is the tensor of the moment of inertia of the system "body + fluid” relative
to point O, and g is the acceleration of gravity.
Eliminating € in Eq. (1.1) using Eq. (1.4), we obtain

a 0 1
rpr-1§[rxa_‘:]dg+5‘tix_~§_vp+vAu (1.5)

We shall investigate problem (1. 1) —(1. 3), (1.5} of determination of the motion
of fluid in the joint motion of body and fiuid with initial conditions

u(0) =u, N(@© =N, (1.6)

Acceleration of the body is determined by the known velocity of fluid using form-
ula {1,4),

2. Reduction of the problem to operator equat-
ions, Foranalyzing the problem equations we introduce the functional spaces con-
sidered in [6]. We denote by W,!® (Q) the closure in the norm of the Sobolev space
W,! (Q) of the totality of solenoidal vector functions v from W' (Q) which vanish
in the neighborhood of surface §. By L,° (Q) we understand the completion of
W, (Q) by the norm of space L, (Q). The orthogonal complement to L,’ ()
in L,° {Q) is the closure of vector functions that are potential in 2 and equal zero on

T, (see, e.g., [5]1). Note that for vector functions from L,° () the normal com-
ponent on S is zero.

Using the method set forth in [5, 6] we reduce the second of Egs, (1. 1) and Eq. (1.5)
with boundary conditions (1.2) and (1.3) to two operator equations in L, (Q) and
Wy (T'y) of the form

(I + B) dw/dt + vAv = 0 (2.1
v dg/dt + oBI' (v + T¢) = 0

=v4Te Bv=T{rxpi"| [r1x v] 02}
¢

where B is the carry operator [7], IT is the operator of orthogonal projection of spa-
ce L, (Q) onsubspace L,® (Q), T' isthe operator of the vector function trace on
the free surface I’y , and A and T are operators generated by the auxilliary bound-
ary value problems described in {5, 6], Operator A is self-conjugate and positive
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definite in L,” (Q), and has a completely continuous inverse operator of class ¢
(¥, > %,).  The linear operator T continuously acts from W, (T'j) in W,l.0
Q).

As in [5], we understand W, (I';) to be the complex Hilbert space of Sobolev
—Slobodetskii with norm

. (9) (0) 3
u'? (z;) —u'? (z,) |

flully* = E I [l @}® + § | I _1’:2 B2V VD) dT, dT,

Jai<Iv] lgl=17] Tol'e

é..udI‘ =0

where [y] is the integral part of p, W,~¥ (T,) is the space conjugate with WY
(T'y) with respect to the scalar product in the space W,° (I'g) = L, (Ty) © {1}.

3, The theorem of existence and uniqueness of
solution, Itwasshown in [7,8] that the operator (I 4 B)™ is the self-conjug-
ate positive definite inverse operator of operator (I 4+ B),

Below we shall use the following lemmas proved in [5],

Lemma 1. Operator C = I'T isothermally maps Wy~"/s (I'g) on W,": (T'y),
whose contraction on Wy° (I'y) = L, (T'y) © {1} is a self-conjugate positive entire-
ly continuous operator acting in W,° (T',).

Lemma 2, Operator B, = C':B,C'/+ isunboundedly self-conjugate and
positive definite in W,° (I',), and D (B,) = Wa' (To). Operator B,™ belongs
to class o, for g > 3.

Lemma 1 implies that operator C has the inverse operator C~! which is self-con-
jugate and positive definite in W,° (To)e A direct check shows that W,z (T') is
the determining region of operator C~/,

Applying operator (I + B)™ to both sides of Egs. (2. 1) we obtain

.1
& vt ATC S v Al (I 4 Byt A'ls = 0 .1

v*lo‘/'é—? + v16C'sB, I (A~*/*s + v-16'/:TC-'m) = 0
s = Ay, 1 = v ('sp

We consider the obtained system as a single ordinary differential equation of the
first order in  L,° (Q) @ W,'/s (T'y), acting on which with the operator

“19 — ATCh

0 vo~'isp
we obtain an equation of the form
dx/dt + M;x + K;x =0 (3.2
vA'/:(I 4 BY 14 0 S
1= O 'V_]'O'Bz » X= 'rl

K, =

— v 1oAY TB TA-: — v20*:A":TC-'2 B,
o*5C/B,T A"l 0 ,
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where Ig and It are unit operators in L,(Q) and  W,':(T,) , respectively,
The initial conditions become

X (0) = x4 = col {42 vy, c™wCp}, wy = v, + Ty (3.3

Theorem 1, Equation(3.2) is an abstract parabolic equation in space L,
(Q) @ Wy/(T'y),  whose Cauchy problem is uniformly correct, The related semi-
group is analytic in the sector containing the positive axis. Problem (8. 2), (3, 3) has
a weakened solution for any X.

Proof, Operator A™/(I + B) A™* isbounded, self-conjugate, and positive
hence its inverse operator A':(] 4 B)™'4%: is self-conjugate positive definite in
Ly’(Q). The last of formulas (2, 1) implies that the region of values of operator B
is the same as the region of values of the projection operator II on the set of linear
functions of the form r X 1, hence according to [9] the region of valuesof B consists
of functions that are as smooth as desired, It follows from this that the region of
values of operator A™/*(I + B)A™/: consists of functions v & W,%Q), and the
determining region of operator A2 (I + B)™ A'r is W(Q) [} W,yh°(Q).

Using operator B, we form the scale of Gilbert spaces [10, 11]

Hy(I) = D (By)

By Lemma 2 this scale applies to Gilbert spaces that join W,%(I'y) and W,(I,).
From this and [11] follows that for y <{ 1 the Sobolev spaces W,¥(T'y) are the
same as spaces H, (I').

Since operator B, is self-conjugate and positive definite in Ho(T'y) = Wy(L'y),
hence according to [11] it is self-conjugate and positive definite also in H:, (I'g) =
Wy H(Ty).

Thus operator M is self-conjugate and positive definite in L, (Q) B W, (T,).
Hence the semigroup generated by the equation dz/dt = — Mz, is contractive and
analytic in the left half-plane (see [12]).

Let us represent operator K1 in the form

K1 == TIMI
e O"V'-?‘T}.l *‘0’""\’"1],12
} B 0,1/2\7_1]"21 O

Ty = TyuTat, Tip = ATC, Ty = ByC*TAXI +B) A~/

Operator K1 is entirely subordinated to operator M1 , if operator T is entir-
ely continuous in the space L,° (Q) D W,"*(I'y) (see, e.g., [12]). This statem-
ent follows from the following lemma,

Lemma 3, Operator T, acts entirely continuously from W,'*(I'g) in Ly°
(R) . To prove this let us assume that p is a bounded set in W,z (I'). It follows
from Lemma 1 that operator C™'/» transforms p into a bounded set in W,°(I'y) and
into a compact set in Wy™/2(I'g) by virtue of complete continuity of the imbedding
operator, The above properties of operators 7' and A imply that operator I'C™*:
transforms W into a compact set in  W,(Q) , and operator A**TC™/+ transforms p
into a compact set in L,’(). This implies total continuity of operator AMNTC
from W,'2(T'y) to L,° (). The lemma is proved. i

Lemma 4, Operator T;, acts entirely continuously from L,(Q) to Ly’ (R)-
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Proof, Since the region of values of operator B consists of functions that are
as smooth as required operator (I - B) A"+ is bounded as an operator from L, ()
in W,'(Q) and by the theorem on imbedding is entirely continuous as an operator
from L,°(Q) in W,"(Q), Operator B,C™*/:TA™ = C':B;'A™ is bounded as
an operator from W,"/:(Q) in W,/: (T';) , as implied by the mapping chain

W, (Q)'S Wk (Q) — W2 (Tg) = Wy (Ty) &5 Wyt(Ty)

Continuity of the operator in the first link was shown in [13], in the second from
the theory of traces [13] and in the third from the estimates [14]

1BV ]lwe ) < llVliwsra for vEWa® (To)

The operator in the fourth link is continuous by virtue of Lemma 1,

Thus operator 711 represents the product of the entirely continuous operator (I +
B) A7 from Ly’ (Q)in W,Y:(Q) , the bounded operator B,C-/TA™' from
W,/2(Q) in W,'/s(I'y) and of the entirely continuous operator T3 from W,/
(To) in L,°(R) , hence it is entirely continuous as an operator from L,°(Q) in

L,°(Q).  The lemma is proved .
" I), emma 5. Operator Ty acts entirely continuously from L,(Q) inW,'+
o)-

Proof of this lemma follows from the proof of Lemma 4,

The total subordination of operator K1 to operator My is proved. Then all asser-
tions of Theorem 1 follow from [12].

Remark., Fora specified intitial distribution of fluid velocity u, in region Q
and initial deviation of the free surface N, from the equilibrium surface (1.86), po
on surface Ty at the initial instant of time is determined by the second of formulas
(1.3). Asshown in [6], the initial values Vo and w, = T @, are, consequently,
determined by expansion (3,3) in wy and pe.

4. Normal oscillations. Letusconsider normal oscillations of a
viscous fluid in the simultaneous motion of the system body + fluid under conditions
of total weightlessness, We seek a solution of the problem of the form

(u? P N) = e—M (uh PI: Nl)
where u;, Py, and Ny are functions of coordinates only, For the quantities s; =
A'lvy and 1wy = ¢~/w('rp, we obtain the problem

v8 — AFI(SI -+ '\?“]‘O"I’Tlgfh) (4.1)
o'V ITm = o (W) 1Fy(s; + o'/ 1T,m,)
Fy = A= (I + B) A-'b, F, = ATBiTA-:

Using the notation §; = s; -+ 0¥™17 1,1, we have
B = WFE + 0 (W) Pk (4.2
Multiplying both sides by &1 and noting that owing to the positiveness of operator
F1  wehave (Fi§;, &) > 0 and owing to the positive definiteness of operator B,
(Fof1, &1) = (BiTA~g,, TA'E) > 0 , we obtain
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A=1{v (81, B)EIV(E:, &)P—4o (Fidy, &)(Fabs 814/ (Fidr, &)

which shows that A has a positive real part.
To prove the completeness of the system of the eigen- and adjoint vectors of prob-
lem (4. 1) we use Eq, (3.2) which for normal oscillations is of the form

2 = MM + S)zy 4.9
’V—lFl 0 81
-t .
My = 0 0‘"1ng14 r A= um
3 0 V_‘IG‘/‘TIE
T — o'y, —-crv"ZTngm“

Lemma 6, Operator § is entirely continuous in L,°(Q) & W," (Ty).

Proof. By Lemmas 3 and 5 operator T’y is entirely continuous as an operator
from W,'/2 (I'g)in  L,°(Q), and operator T'y; is entirely continuous as an operator
from L,° (Q) in W/t ([y). It remains to show that the operator T5; Ty is
entirely continuous in  Wy"t (I'y). It follows from the proof of Lemmas 3 and 4 that
it is the product of the entirely continuous operator TC—*/* from W,'": (T'y) in W,"
(Q) of the bounded operator (I + B) in W, : () , and of the bounded opera-
tor B,C-"-I'A™' from W,': (Q) in W, (I'y) . Hence it is entirely continuous
as an operator from W't (I'g) in W,> (I'y). The lemma is proved.

As shown above the self-conjugate operator 4™ is entirely continuous and bel-
ongs to class 04 (V ¢ > 3/,). Operator F, has the same properties, By Lemma 2
and [11] operator B,~l is entirely continuous, self-conjugate in Wy"s(I'g) , and
belongs to class 6, (V¢ >> 3) . This implies that operator M1 is self-conjugate,
entirely continuous in L,° (Q) € Wy'/* (L) , and belongs to class 04 with ¢ > 3.

Theorem 2 Thes;stem of eigen- and adjoint vectors of problem (4. 1) of
viscous fluid normal oscillations in the simultaneous motion of the system body + fluid
under conditions of total weightlessness is closed in L, (Q) @ W,'/2(Ty) . Al
normal oscillations for any & (> 0) are damped, except possibly a finite number of
those whose argument is comprized within the angle — & << arg A <C e. The spect-
rum of this problem is discrete and has a bunching point at infinity,

Theorem 2 flows from Keldysh's theorem [15].

The author thanks S, G, Krein for valuable guidance and constant interest in this
work and, also, N, D. Kopachevskii for useful remarks,
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